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1. Introduction

Recall that a finite category C is EI, provided that each endomorphism is an isomor-
phism. Finite EI categories arise naturally in the modular representation theory of finite
groups; see [9,16,10]. The notion of a free EI category is introduced in [8]. Each finite EI
category is a quotient of a free EI category.
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For each symmetrizable Cartan matrix, there is a class of finite dimensional algebras
[4], whose modules categorify the corresponding root system over an arbitrary field k.
More precisely, let (C,D,Q) be a Cartan triple, where C' is a symmetrizable Cartan
matrix, D is its symmetrizer and Q is an acyclic orientation of C'. A k-algebra H(C, D, )
is introduced in [4], where the rank vectors of certain H(C, D, Q)-modules are some
positive roots of the Lie algebra associated to C.

There are remarkable common features of the work [8] and [4]: the category algebra kC
of a free EI category C is a tensor algebra, and is 1-Gorenstein under mild assumptions
[13]; the algebra H(C,D,Q) is also a tensor algebra, and is always 1-Gorenstein; see
also [5]; moreover, both algebras are closely related to the path algebras of finite acyclic
quivers. We mention the work [7], which provides a categorical perspective for the algebra
H(C,D,Q), and the paper [2], inspired by [4], where Gorenstein tensor algebras are
studied in general.

In view of these common features, the following question arises: when are the above
two classes of algebras, kC and H(C, D, (), arising in different contexts isomorphic?
Another reason to be interested in this question is that it might establish new links
between the modular representation theory and Lie theory.

We give a partial answer to the above question. Indeed, inspired by [4], we associate
to each Cartan triple (C, D, ) a free EI category C(C, D, ), called a free EI category
of Cartan type. We prove that the category algebra kC(C, D,<Q) is isomorphic to the
algebra H(C', D', Q') associated to another, usually different, Cartan triple (C’, D', Q');
see Theorem 4.3. In forthcoming work, we will apply the obtained isomorphism to study
certain skew group algebras and their representations.

The construction of (C’,D’, Q) from (C,D,)) depends on the characteristic p of
the base field k; see Subsection 4.2. The case where p is zero or coprime to each entry
of D seems to be of particular interest; in this case, C’ is symmetric and D’ is the
identity matrix. Then the algebra H(C’, D’,€)) is isomorphic to the path algebra of an
acyclic quiver of type C’. There is a well-known correspondence between symmetrizable
Cartan matrices and graphs with automorphisms in [11, Section 14.1]. It turns out that
our construction is compatible with this correspondence. More precisely, if p is zero or
coprime to each entry of D, the Cartan matrix C corresponds exactly to the graph of C”
with a certain automorphism by the mentioned correspondence. Roughly speaking, our
algebra isomorphism between the category algebra kC(C, D, Q) of type C' and the path
algebra of type C’ might be viewed as an algebraic enrichment of the correspondence in
[11]; see Proposition 6.10. We mention that a different enrichment appears implicitly in
[6, Section 6] using species and Galois extensions of the base field.

The paper is structured as follows. In Section 2, we recall basic facts on free EI cate-
gories. We recall from [4] the algebra H(C, D, ) in Section 3. We introduce the notion
of a free EI category of Cartan type in Section 4. The construction of (C’, D', Q') from
(C, D, ) is given in Subsection 4.2. The core in the proof of Theorem 4.3 is Proposi-
tion 5.4 in Section 5, which states an explicit decomposition of a tensor bimodule.
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In Subsection 6.1, we prove that in the construction of Subsection 4.2, the valued graph
of C is a disjoint union of Dynkin graphs (resp. Euclidean graphs, graphs of indefinite
type) if and only if so is the valued graph of C’; see Proposition 6.5. In Subsection 6.2,
we compare the construction with the correspondence in [11, Section 14.1].

2. Finite free EI categories

In this section, we recall the construction of a finite free EI category from a finite EI
quiver. We observe that the category algebra of the resulting EI category is isomorphic
to a certain tensor algebra.

Let C be a finite category, that is, a category with only finitely many morphisms.
Consequently, the category C contains only finitely many objects. Denote by Mor(C)
(resp. Obj(C)) the finite set of morphisms (resp. objects) in C. The finite category C is
said to be EI provided that every endomorphism is an isomorphism. Therefore, for each
object , Home (z, ) = Aut(x) is a finite group.

Let k£ be a field. The category algebra kC of C over k is defined as follows: kC =

P ko as a k-vector space and the product is given by the rule
a€Mor(C)

aof, if a and f can be composed in C;
af = .
0, otherwise.

The unit is given by 1x¢ = >  Id,, where Id, denotes the identity endomorphism
z€0bj(C)
of .

Let G and H be two groups. Recall that a (G, H)-biset is a set X with a left G-action
and a right H-action such that the two actions commute, that is, (gz)h = g(xh) for all
geG,re X and h € H.

Let X be a (G, H)-biset and Y be a (H, K)-biset. The biset product of X and Y,
denoted by X xp Y, is the set X x Y/ ~ of equivalence classes under the equivalence
relation (z, hy) ~ (xh,y) forx € X,h € H and y € Y. By abuse of notation, the elements
in X xY/ ~ are still denoted by (z,y) for x € X and y € Y. The set X x g Y is naturally
a (G, K)-biset; see [15, Section 8].

For a (G, H)-biset X, we denote by kX the k-vector space with a k-basis X. Then
kX is naturally a kG-kH-bimodule.

The following fact is well known.

Lemma 2.1. Let X be a (G, H)-biset and Y be a (H, K)-biset. Then there is an isomor-
phism of kG-kK -bimodules

EX Qe kY S k(X xgY), ryw— (2,9),

forre X andyeY. O
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Recall that a finite quiver Q@ = (Qo, Q1; s,t) consists of a finite set Qg of vertices, a
finite set Q1 of arrows endowed with two maps s,t: Q1 — Qp. For an arrow «, s(«) and
t(a) are called its starting vertex and terminating vertex, respectively. Then the arrow «
is visualized as a: s(«) — t(a). For n > 2, a path p = a, - - - agaq of length n consists of
arrows «; such that t(c;) = s(a;11) for 1 <1i < n; we set s(p) = s(aq) and t(p) = t(ay).
Here, we write the concatenation from the right to the left. We denote by @Q,, the set of
paths of length n. We observe that a path of length one is just an arrow. We identify
each vertex i with the corresponding path e; of length zero.

Denote by kQ = ,,~, kQn the path algebra of ), whose multiplication is given by
the concatenation of pa{hs. In particular, each path e; of length zero is an idempotent.
Then we have 1yo = >,
oriented cycles, in which case the path algebra kQ is finite dimensional.

Recall from [8, Definition 2.1] that a finite EI quiver (Q,X) consists of a finite
acyclic quiver @ and an assignment X = (X (%), X(&))icqy,acQ,- More precisely, for

e;. The quiver @ is acyclic provided that it does not contain

each vertex i € g, X(4) is a finite group, and for each arrow «, X(«) is a finite
(X (t(a)), X (s(a)))-biset. For a path p = a, - - - agay of length n, it is natural to define

X(p) = X(an) XX (t(an_1)) X(Oén71) XX (t(an—2)) " XX (t(az)) X(Oéz) XX (t(a1)) X(al)'

Then X (p) is naturally a (X (¢(p)), X (s(p)))-biset. Indeed, for two paths p, g satisfying
s(p) = t(q), we have a natural isomorphism

X(p) Xx(t(q)) X(q) = X(pg), (2.1)

where pg denotes the concatenation. We identify X (e;) with X (7).
Each finite EI quiver (@, X) gives rise to a finite EI category C = C(Q@, X). The objects
of C coincide with the vertices of Q). For two objects = and y, we have

Home (z,y) = || X(p).
{p path in Q with s(p)=z and t(p)=y}

The composition is induced by the concatenation of paths and the isomorphism (2.1).
Since @ is acyclic, we infer that C is a finite category; moreover, we have that
Home(z,2) = X(z) is a finite group. It follows that the category C is indeed finite
EL

Following [8, Definition 2.2], we call the above category C(Q, X) the free EI category
associated to the finite EI quiver (@, X). More generally, a finite EI category C is called
free provided that it is isomorphic to C(Q, X) for some finite EI quiver (Q,X). For
alternative characterizations of finite free EI categories, we refer to [8, Proposition 2.8],
[13, Proposition 4.5] and [14, Proposition 2.1].

We have the following observation.
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Proposition 2.2. Let C = C(Q, X) be the finite free EI category associated to a finite EI
quiver (Q, X). Set A =],cq, kX () and V = P e, kX (a), where V is naturally an
A-A-bimodule. Then there is an isomorphism Ta(V) ~ kC of algebras.

Here, TA(V) = AoV OV @ ---® VO @ ... denotes the tensor algebra, where
VO =V ®4---®4V is the n-fold tensor product. The tensor algebra T4 (V) is naturally
N-graded.

Proof. We observe that kC = &P, ~((kC), is naturally N-graded, where (kC), =
E(Lpeq, X(p)). Hence, we have (kC)o = A and (kC); = V. By the universal property
of tensor algebras, there is a unique homomorphism ¢: T4 (V) — kC between N-graded
algebras such that its restriction to A @ V is the identity.

It suffices to prove that ¢ induces an isomorphism V®" ~ (kC),, for each n > 2. For

this, we observe V = V., where

z,Yy€EQo Y
yVo = k( |_| X(a))
{a€Q: | s(a)=s,t(c)=y}

is naturally a kX (y)-kX (x)-bimodule. We have the following isomorphisms

V®n = @ anmn,1 ®kX(In71) e ®kX(a:2) mQle ®kX(:L’1) mlvmo

Z0,%1, ,Zn€Q0

~ &P E(X (an) XX (t(an-1)) """ XX (t(az)) X (@2) X x(t(ar)) X (1))
{ai€Q1 | t(ai)=s(cvi+1)}

= P EX(p) = (kC)n,

PEQR

where the second isomorphism follows by applying Lemma 2.1 repeatedly. Since the
restriction of ¢ on V®" coincides with this composite isomorphism, we are done. O

Remark 2.3. Assume that the above assignment X is trivial, that is, all sets X (z) and
X () are consisting of single elements. Then the category algebra kC coincides with the
path algebra kQ of the quiver ). The isomorphism in Proposition 2.2 in this case is well
known; see [1, Proposition II1.1.3].

3. The algebras associated to Cartan matrices

In this section, we recall the algebras defined in [4], which are associated to sym-
metrizable generalized Cartan matrices. For two nonzero integers I,m € Z, we denote
by ged(l, m) their greatest common divisor, which is always assumed to be positive.

Let n > 1 be a positive integer. A matrix C = (¢;;) € My (Z) is called a symmetrizable
generalized Cartan matriz provided that the following conditions hold:
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(C1) ¢ = 2 for all 4
(C2) ¢;; <0 forall i # j, and ¢;; < 0 if and only if ¢;; < 0;
(C3) There is a diagonal matrix D = diag(cy, -+ ,¢,) € My (Z) with ¢; > 1 for all ¢ such

that the product matrix DC' is symmetric.

The matrix D appearing in (C3) is called a symmetrizer of C. From now on, by a
Cartan matriz we always mean a symmetrizable generalized Cartan matrix.

Let C = (¢;5) € My(Z) be a Cartan matrix. An orientation of C is a subset 2 C
{1,2,--- ,n} x {1,2,--- ,n} such that the following conditions hold:

(1) {(4,9),(4,1)} N # 0 if and only if ¢;; < 0;
(2) For each sequence ((i1,12), (42,%3)," - , (41, 9¢41)) with ¢ > 1 and (is,is41) € Q for all
1< s <t we have i1 # iz41.

For an orientation Q2 of C, let Q = Q(C, Q) be the finite quiver with the set of vertices
Qo :={1,2,--- ,n} and with the set of arrows

Qri={al :j—i|(i,j) € 1< g<ged(esy,ci)}U{e i —i|1<i<n).

We call @ a quiver of type C. Let Q° = Q°(C, ) be the quiver obtained from @ by
deleting all loops €;. Then @Q° is a finite acyclic quiver.

We will call (C, D, ) a Cartan triple, where C is a Cartan matrix, D its symmetrizer
and () an orientation of C.

Definition 3.1. ([4, Section 1.4]) Let k be a field, and (C, D, ) be a Cartan triple. Then
we have the quiver Q = Q(C, Q). Let

H=H(C,D,Q) =kQ/I,

where k@) is the path algebra of @), and [ is the two-sided ideal of k@) defined by the
following relations:

(H1) For each vertex i, we have the nilpotency relation

gt = 0.
(H2) For each (i,j) € © and each 1 < g < ged(ciy, ¢ji), we have the commutativity
relation

<
(9)55“’(%01‘)

¢
ged(ej,c;
i iy =J

) (9) _
i Q=

Remark 3.2. Assume that the Cartan matrix C is symmetric. We take D = cI,, to be a
scalar matrix for ¢ > 1. Then the algebra H(C, D, ) is isomorphic to kQ° ®y, k[e]/(e°).
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This algebra is studied in [3,12] from different perspectives. The main concerns of [4] are
non-symmetric Cartan matrices.

Let us introduce some notation. Fix the Cartan triple (C, D, ) as above. For each
1 <i<mn,set H; = kle]/(€;"). For each (i,7) € Q, set H;j = k[eij]/(ezg;d(ci’cj)). Consider
the following injective algebra homomorphisms

ci
ng(Ci,Cj)
3

Hij — Hi7 €ij = €

and

H;; — Hj, e E;Cd(ci'cj).
For each 1 < g < ged(cij,c:), set iH](-g) = H; ®p,;, Hj, which is naturally an
H;-Hj-bimodule. The element 1®1 in iHJ(-g) will be denoted by 57:(5'])~ Set B =[] H; and

i=1
W =& ea @gc_fl(c”’c”) iHJ(g). Then W is naturally a B-B-bimodule.
The following result is essentially due to [4, Proposition 6.4]. We make a slight modi-
fication and give a complete proof. Recall the notation H = H(C, D, ).

Proposition 3.3. Keep the notation as above. Then there is an isomorphism of algebras
Tp(W) — H,
which induces an isomorphism of algebras
H;, ~e;He;
for each 1 <i <n, and an isomorphism of H;-H;-bimodules

Z-Hj(g) ~ Spank{syiag)a? | 0<n;<¢—1,0<n; <¢ —1}

for each (i,7) € Q and 1 < g < ged(cij, ¢ji)-

Here, e; denotes the idempotent of H corresponding to the vertex i. The notation
“Spany” means the subspace of H spanned by the mentioned elements.

Proof. There is an algebra homomorphism ¢y: B — H sending ¢; to €;. Moreover, each
(1,7) € Qand 1 < g < ged(eyj,¢js), there is a bilinear map H; x H; — e;He; sending
(€2, eg’) to 5?041(-]9 )63. By the commutativity relations in H, this map is H;;-balanced. In
particular, we have an induced H;-H;-bimodule homomorphism ; J(-g ) e;He; sending
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ﬂi(jg) to ag). These bimodule homomorphisms give rise to a B-B-bimodule homomor-
phism ¢;: W — H. By the universal property of tensor algebras, we have an algebra
homomorphism ¢: Tg(W) — H extending ¢¢ and ¢;.

On the other hand, there is a unique algebra homomorphism ¢: H — Tg(W) such
that ¥(e;) = 1g,, ¥(e;) = € and 1/)(041(»';’)) = /BZ-(;]). It is direct to verify the defining
relations of H in Tp(W), using the identity

23 ]
e T(eq,c; ﬁi(jg) _ 51(]47)6; dCegyc;
in;H j(-g) . Moreover, we have ¢ o ¢ = Idp, ) and ¢ o ¢ = Idg, since they hold trivially
on generators. Then we are done. 0O

4. The category algebra of a free EI category of Cartan type

In this section, we introduce a free EI category, which is associated to a Cartan triple.
The main result states that the corresponding category algebra is isomorphic to the
algebra associated to another Cartan triple; see Theorem 4.3.

4.1. Free EI categories of Cartan type

Let n > 1 and (C = (¢;5), D = diag(ci, ca,- -, ¢n), ) be a Cartan triple. Recall that
Q = Q(C,Q) is the quiver of type C, and that @Q° is the quiver obtained from @ by
deleting all loops €;.

We will define a finite EI quiver (Q°, X). Recall that Qf = {1,2,--- ,n} and Qf =
{ag):j =i | (4,7) € Q1 < g < ged(eij,¢5:) . The assignment X is given such that
X(1) = (n; | ni" = 1) is a cyclic group of order ¢;. For each (i,j) € Q, we set G;; =

(nij | nffd(ci’cj ) = 1) to be a cyclic group of order ged(e;, ¢;). There are injective group
homomorphisms

Gij — X (1), mij — nm

4

and

J
GU e )((])7 177] —> ’r]jgcd(cz,w) )

Then we have the (X (i), X (j))-biset X (i) x¢q,; X(j). We set

X(al) = X(i) xq,, X(j)

ij

for each 1 < g < ged(cij,¢j;). We observe that both the left X (i)-action and right
X (j)-action on X(ozl(»f ) are free.
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Definition 4.1. For a Cartan triple (C, D, ), the free EI category C(Q°, X) associated
to the above finite EI quiver (Q°, X') will be denoted by C(C, D, ), which will be called
the free EI category of type C.

We give an intrinsic characterization of free EI categories of Cartan type.

Let C be a finite EI category. Recall that a non-isomorphism « is called unfactorizable,
provided that a7 or as is an isomorphism in any factorization @ = a; o as. Denote
by Hom{(z,y) the set of unfactorizable morphisms between two objects x and y; it is
naturally an (Aut(y), Aut(z))-biset. For example, if C = C(C, D, 2), we have

Homg(j,i) = [ ]  X(aif).
1<g<gcd(cij,cji)

In particular, the category C(C, D, ) satisfies the conditions (EC1)-(EC3) below.

Proposition 4.2. Let C be a finite free EI category. Assume that the following conditions
are satisfied:

(EC1) Obj(C) = {z1,®2, - ,xn} and Aut(z;) = (n; | ;" = 1) is cyclic of order ¢; for
each ;

(EC2) The left Aut(z;)-action and right Aut(x;)-action on Hom@(z;,z;) are both free
for each i, j. 3

. S— R E—
(BC3) """ oa =ao nfm(c“cj) for each a € Hom®(x;,x;).
Then C is isomorphic to C(C, D, Q) for some Cartan triple (C, D,<Q).

Proof. We write the (Aut(z;), Aut(x;))-biset Hom{(z;, x;) as a disjoint union of orbits

My
Homg(xj,xi) = |_| Aut(mi)az(-i-)Aut(mj),
=1 '

where {a%) | 1 <1 < my;}is a complete representative set of orbits. Set m;; = 0 if
Hom{ (x5, x;) = 0.
We define a Cartan matrix C = (¢;5) € M, (Z) as follows: ¢;; = 2 for 1 < i < n; if
C;
_gcd(cjzvcj) '
- m;j, in which case we have m;; = ged(cij,c¢j;). Set D =

both m;; and mj; are zero, we set ¢;; = 0 = cj;; if my; > 0, we set ¢;; =
Ci
" ged(eiey)
diag(ci,co, -+ ,cn), and Q = {(i,7) | Homg(x;,2;) # 0}. Then (C,D,Q) is a Cartan
triple.
We claim that C ~ C(C, D, Q). Recall from [8, Proposition 2.9] that free EI cat-

egories are completely determined by the automorphism groups of objects and the

mgj and Cji =

bisets of unfactorizable morphisms. It suffices to prove that for each 1 < I < my;,
the (Aut(z;), Aut(x;))-bisets X(ag)) and Aut(xi)al(-;)Aut(xj) are isomorphic. Indeed by
(EC3), the following biset map
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l l a a l
¢: X(az(j)) — Aut(xi)az(j)Aut(xj), (n; »77?) =1 © Oéz('j) o 77?

is well-defined, which is surjective. The cardinality of X (ag)) equals ﬁ%%) By (EC2),

both ¢; and ¢; divide the cardinality of Aut(xi)agé) Aut(z;). It follows that ¢ is bijective.
This proves the claim, and completes the proof. 0O

4.2. The construction of (C', D', Q)

In what follows, we assume that the base field k has enough roots of unity, that is,
any polynomial t* — 1 in k[¢] splits for each a > 2.

We assume first that chark = p > 0. We fix a Cartan triple (C, D, §2) as above. Assume
that

ci =p"d;

with 7; > 0 and ged(p, d;) = 1.
Set m = >, d;, which is the cardinality of the set

M= | | {GL)]0<l <d}.

1<i<n
For each 1 < 4,5 < n, we set
i ={li,15) |0 <l < d;,0 <1 < dj, lip" = 1;p" (mod ged(d;, dy))}-

We will define a Cartan matrix C’ € M,,(Z), whose rows and columns are indexed by
M. The diagonal entries of C’ are 2, while the off-diagonal entries are given as follows

, . —ng(Cij, Cji)prj—min(m,rj)7 if (ll, ZJ) S Eij;
Cti), Gily) = .
0, otherwise.

In particular, c’(i WGl = 0 for I; # I}. Let D' be a diagonal matrix of rank m, whose
(4,1;)-th component is given by p". Since

T T A
PCt). (i) T PG G
the product matrix D’C” is symmetric. Set
Q/ = {((i?li)’ (jalj)) | (’L,]) S Qa (lialj) € Eij}7

which is an orientation of C’. Then we have the required Cartan triple (C', D’,§Y). We
point out that a similar construction is given in [11, Section 14.1] and [6, Lemma 21].
We refer to Section 6 for further study on this construction.
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We observe that the above definitions work well if chark = 0, in which case we put
r; = 0 and d; = ¢;. Then the Cartan matrix C’ is symmetric and the symmetrizer D’ is
the identity matrix.

The main result provides an explicit isomorphism between certain category algebras
and the algebras studied in [4]. It motivates the notion of a free EI category of Cartan
type.

Theorem 4.3. Let (C, D, Q) be a Cartan triple and C(C, D, Q) as in Definition 4.1. As-
sume that k has enough roots of unity. Consider the Cartan triple (C', D', Q) as above
and the algebra H(C', D', Q') in Definition 3.1. Then there is an isomorphism of algebras

kC(C,D,Q) ~ H(C',D',SY).

Proof. We assume that chark = p > 0. Set C =C(C,D,) and H = H(C', D', Q0').
We observe that for ((i,1;), (j,1;)) € ', we have

ged (€l 1), (i) €Uy, (irts)) = 8ed(cijy cji)- (4.1)
By Proposition 2.2, there is an isomorphism of algebras
kC — Ta(V),
where A =[]\, kX (i) and
ged(eijhcji)

1

Q
Il

ged(cijicji)
kX (i) ®rGy; kX (j).
1

v= @
(i,5)€2

~ D
(i,j)eQ g

Here, the last isomorphism follows from Lemma 2.1.
By Proposition 3.3, there is another isomorphism of algebras

H = Tg(W),
where B =[]}, Hilz_ol H; i,y and

8ed(€li i), (.1;) €01, (0005)

w= P ) H) @y, Hiag)

((isli),(5,15)) €Y g=1

ng(Cij ,Cji)

= @ @ H(iJ«;) ®H1{j H(ij)

(1,5)€R (Li,l;)€8:;  9=1
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ng(Ci]' ,Cji)

-Dd D D How @u, Hiy)-
(1,5)eQ  g=1  (I;,l;)€Xy;
The second equality uses (4.1). Here, we denote Hiy, iy by H{j for short, and we

recall that Hi; ) = kle(ia,))/(ef; ), and that H[; = klei;]/(¢];

min(r;,r;)

); see the notation
of Section 3.

To obtain the required isomorphism, it suffices to have an isomorphism A ~ B of alge-
bras and an isomorphism V ~ W of A-A-bimodules, where the A-A-bimodule structure
on W is induced by the given algebra isomorphism.

For the two isomorphisms, we will show in the next section that there is an isomor-
phism of algebras

di—l
@ii kX(Z) ;> H H(i,li)
li:O

and an isomorphism of kX (7)-kX (j)-bimodules

kX (i) @k, kX () = @ Hau) ©mz, Hiay,s (42)
(Lisly) €S

for any 1 < 4,5 < n. We emphasize that the kX(i)-kX (j)-bimodule structure on
Hiy Omy, H;,,) is induced by the isomorphisms ©; and ©);.

Since X (i) = (n; | n¢* = 1), we identify the group algebra kX (i) with k[n;]/(ns — 1).
Then the above isomorphisms follow immediately from Proposition 5.4 below.

The proof in the characteristic zero case is very similar. We omit the details. O

5. An explicit decomposition of a bimodule

In this section, we give an explicit decomposition of a tensor bimodule needed at the
end of the proof of Theorem 4.3; see Proposition 5.4. Here, the tensor bimodule means
the tensor product considered as a bimodule. The decomposition seems to be elementary,
but somehow technical.

Let k be a field having enough roots of unity with chark = p > 0. Let a,b be two
positive integers. Write a = p"a’ and b = pt’ with r; s > 0 and ged(p,a’) = 1 = ged(p, V).
Then we have ged(a,b) = p™(*gcd(a’, V).

Let A = k[z]/(z* — 1), B = k[y]/(y* — 1) and C = k[2]/(25°4®*) —1). There are
injective algebra homomorphisms ¢1: C'— A and t3: C' — B such that +1(z) = pEed(aD)
and to(z) = ym We are mainly concerned with the tensor A-B-bimodule A ®¢ B.
We fix an a’ —th/primitive root ¢ of unity and a b’-th primitive root ¢, of unity such that

’

a b
¢t = (£ the common value will be denoted by ¢, which is a ged(a’,b')-th

primitive root of unity.
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We have the following well-known isomorphisms of algebras

a’'—1 a’'—1

mar A [ kla)/(z = ¢ = [T A
i=0 i=0
b'—1 _ b’ —1

m5: B [ kll/(w— ) =[] B
§=0 §=0

and
ged(a’,b)—1 ged(a’,b')—1
~ min(r,s)
me: C = [ kel/G=¢)P = I o,
1=0 =0

each of which sends f to (f,---, f) for any polynomial f.
For each 0 <[ < ged(a’,b'), we set

(1) ={m|0<m<d,mp" = Ip™""*) (mod ged(a’,'))}.
Then we have a disjoint union

ged(a’,b)—1
{0,1,---,a =1} = || =0. (5.1)

Here, we use the fact that p is invertible in Zgcq(qr ). Similarly, we set
S ={m|0<m <V, mp® = p™"%) (mod ged(a’, b))},
and have the disjoint union

ged(a’,b')—1
{0,1,--- .0 =1} = || ¥O.
1=0

Lemma 5.1. Assume that m € X(1). Then the following identity

min(r,s)

(mgcd?ﬂ.,b) _ Cl)P =0

holds in the algebra A,

min(r,s)

Proof. We observe that mpmi“(”) = gcd(a, b,)p and (P = (™" by the fact

that m € X(I). Then we have the first equality in the following identity
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min(r,s) o’ )pr

(xm — Cl)p — gpecda sh P _ <"‘pr
:(x&a%nﬁ._gmyf
= (:Cgcd(il’ b") (Cl )gcd(a/’ b7) )pr_

We observe that (xz — ¢[*)P" is a factor. Therefore, it is zero in A,,. O
The above lemma implies that the following algebra homomorphism

¢l: Cl — H Aia Z (chd(a,b) g 7a’;gcd(a,b) )
ies ()

is well defined for each 0 < I < ged(a’,d’). By the disjoint union (5.1), we have the
following algebra homomorphism

ged(a’,b)—1 ged(a’,b')—1 a —1
@) I a— II C(I] 40=1]I4
1=0 =0 iex(l) i=0

By a similar argument, we have a well-defined algebra homomorphism

b b
wl : Cl —_— H B]7 Z— (ygcd(a,b) gt 7ygcd(a,b) )7
Jjex(l)

for each 0 <1 < ged(a’,b’). Summing them up, we have an algebra homomorphism

ged(a’,b')—1 ged(a’,b')— b'—1
(v1): H G — H H Bj) = H B;.
1=0 =0 i=0

Lemma 5.2. Keep the notation as above. Then the following diagram commutes

L1 L2

A C B
a’—1 (1) ged(a’,b)—1 (1) b'—1
Hi:O Aj <— H & szo Bj.

Proof. It suffices to observe that the commutativity holds clearly for the generator z of
C. O

For each 0 < i < a’ and 0 < j <V, we set A} := kle;]/ (el M, B} = k[n;l/(n} ") and
C' = klw]/ (wpmm(r q)). There are injective algebra homomorphisms ¢,: ¢/ — A} and

r—min(r,s) s—min(r,s)

Vi ' — Bj given by ¢j(w) = ¢ and ¢} (w) = 7 . Consequently, we
have the tensor Aj-Bj-bimodule A} ®cr B
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We observe an isomorphism
/
Hi: Az — Ai

of algebras sending ¢; to 2% — 1. We remark that there is another obvious isomorphism
AL — A; sending ¢; to z — (}. However, we really have to choose the isomorphism 6;
making Lemma 5.3 work.

Similarly, we have isomorphisms p;: B} — Bj and 7;: C" — Cj given by p;(n;) =
y?' — 1 and v (w) = z8¢d@b) _ 1,

Lemma 5.3. Keep the notation as above. We assume that i € (1) and j € ¥'(1) for some
l. Then the following diagram commutes

¢, ¥
Al ' B,
0, i l " l Pj
piody pioYy
Ai Cl Bj )

where p; : HmeE(l) A, — A; and p;» : Hmez/(l) B,, — B; are the canonical projections.

Proof. We just observe that the commutativity holds clearly for the generator w of C”.
Here, we use the specific choice of §;, v; and p;. O

The main result in this section claims a decomposition of the tensor A-B-bimodule
A®c B. We set

L ={(,5)|0<i<d,0<j<V,ip’ =jp°(mod ged(a’,v'))}.
Proposition 5.4. Keep the notation as above. Then the following statements hold.

(1) There are isomorphisms of algebras

a’ —1 a’ —1 b’ —1 b'—1
(H Hi)_loﬂ'A:A—>HA; and (Hpj)_loﬂB:B—> HB;
i=0 1=0 Jj=0 J=0

(2) There is an isomorphism of A-B-bimodules

A®c B = EB Al @ B;-
(i,5)ex

where the A-B-bimodule structure on A} ®c» B} is induced by the algebra isomor-
phisms in (1).
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Proof. Tt suffices to prove (2). The vertical morphisms in the commutative diagrams of
the above two lemmas are all isomorphisms. By Lemma 5.2, we have the first isomorphism
in the following identity

ged(a’,b)—1

aecp= @ (T Mea T] 5)

1=0 ies(l) Jes (1)

@ A ®c, B

(i,5)€x

P 4o B

(i,5)€X
The last isomorphism follows from Lemma 5.3. O

Choose A,B and C to be kX (i), kX (j) and kG,j, respectively. Then we get the
isomorphism (4.2) in the proof of Theorem 4.3.

6. The construction in Subsection 4.2 and examples

In this section, we study the construction from (C, D, Q) to (C’, D’,§Y’) in Subsection
4.2. We prove that the valued graph T" of C' is a disjoint union of Dynkin graphs (resp.
Euclidean graphs, graphs of indefinite type) if and only if so is the valued graph I of
C’; see Proposition 6.5.

We observe that our construction is related to the well-known correspondence in [11,
Section 14.1] between Cartan matrices and graphs with automorphisms. Consequently,
in the hereditary case, the isomorphism in Theorem 4.3 yields an algebraic enrichment
of the mentioned correspondence; see Proposition 6.10.

6.1. The types of Cartan matrices

Let C = (¢;;) € My (Z) be a Cartan matrix. Denote by I' the associated valued graph.
Recall that the vertices of T" are given by {1,2,--- ,n} and that there is a unique edge
between i and j if and only if ¢;; < 0; moreover, we put a valuation (|c;jl, |¢;;|) on the
edge. We emphasize that the valuation is not assigned to the edge, but really to the
ordered pair (i, 7) of vertices. We say that C is connected provided that I" is a connected
graph. In what follows, we will identify the Cartan matrix C with its valued graph I'. In
particular, symmetric Cartan matrices correspond to usual graphs, which do not have
loops, but possibly have parallel edges.

Let D = diag(cy, ¢a,- -+ , ¢,) be a symmetrizer of C. Denote by Z™ the root lattice of C,
which has a canonical basis {e1, es, - , e, }. Recall that the quadratic form ¢¢: Z™ — Z

is given by go(x) = >, ciz? + Dicj CiCijmizy for x = (z1,22, -, Tn).
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We fix a prime number p > 0. Recall from Subsection 4.2 that (C’, D', Q) is con-
structed from (C, D, ). We denote by I" its valued graph. The vertices of I are indexed
by the following set

M= || {GL)]0<l<d}.

1<i<n

Here, we recall that ¢; = p™id;. Its root lattice is denoted by Z with a canonical basis
{eqi | (4,1;) € M} and its quadratic form gcr.
The following result is inspired by [11, Subsection 13.2.9].

Lemma 6.1. The natural injection 0: Z" — ZM sending each e; to Zogli<di €(i,l;) 18
compatible with the quadratic form, that is, qo(x) = qcr (0(x)).

Proof. Denote by (—, —)¢ and (—, —)¢r the symmetric bilinear form on Z" and Z™ cor-
responding to go and gcr, respectively. It suffices to show that (e;, e;)c = (0(e;),0(e;))cr.
Recall that (e;,e;)c = 2¢; = 2p"id;, and (e, ej)c = ciciy for @ # j. Sim-
ilarly, (6(i7li)7e(i,li))0’ = 2pm and (6(i7li)’e(j,lj))cl = pricl(i,li),(j,lj)' In particular,
(egity)s €)= 0 for I # I. Then the required identity is easily verified for the
case © = j.
We assume that ¢ # j. Then we have

(0(ei),0(ej))cr = Z P i), ()
0<1;<d;,0<1;<d;

_ ri+7r; —min(r;,r;
=— Y prtrimmntiniged(ey;, cg)
(li,1;) €Dy,

: d;d;
— _pritrj—min(riry) I G q (e e
P gcd(di,dj)g (cij» cji)s
where the last equality uses the fact that the cardinality of ¥;; is ﬁ?@)' We assume

without loss of generality that r; > r;. Since c;c;; = c¢jc;;, we have

di Cij - dj Cji
ged(d;, dj) ged(cij, i) ged(ds, dj) ged(cij, cji)

Ti—Tj5

p

Since d; and d; are coprime to p, we infer that

—cij  _ _ 4
ged(cij, i) ged(diydy)

Then the required equality in the claim follows immediately. O

Recall that the symmetrizer D is minimal, provided that ged(cy,co, - ,¢,) = 1. For
a connected Cartan matrix, the minimal symmetrizer is unique and any symmetrizer is
a multiple of the minimal one.
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Lemma 6.2. Let C = (c;j) € My(Z) be a connected Cartan matriz with its minimal
symmetrizer D. Then the constructed Cartan matriz C' is also connected.

Proof. For two distinct vertices (4,1) and (4,1') in T, we will construct a path connecting
them. By the connectedness of I', there is a path in "

t=z(l)—x(2)— - —zx(m)—z(m+1)=j

such that for each 1 < s < n, there exists at least one a satisfying z(a) = s. For
each 1 < a < m, we set g, = ged(dy(a), dp(at1))- By the minimality of D, we have
ged(g1, 92, -+, gm) = 1. There exist s, € Z such that >_"" | s,9, = 1.

Set Iy = I. For 2 < a < m + 1, we define [, to be the unique integer satisfying
0 <l < dy(q) and

a—1

laprw(a) = lpm + Z Sbgb(l/Prj - lprl)(mOd dz(a))
b=1

We observe l,,41 = I’. Moreover, it is clear that [,p"=(® = [, 1p"=(+D (mod g,) for each
1 < a < m. Therefore, there is an edge from (z(a),l,) to (z(a 4+ 1),l541) in TV. This
yields the required construction. 0O

The following result implies that in the construction of Subsection 4.2, we may assume
that D is minimal.

Lemma 6.3. Let ¢ = p"d be a positive integer with r > 0 and ged(p,d) = 1. Denote by
(C",D",Q") the Cartan triple constructed from (C,cD,) as in Subsection 4.2, and by
T its valued graph. Then I is isomorphic to the disjoint union of d copies of T".

Proof. The vertices of I are indexed by M’ = | |;<;<,{(i,m;) | 0 < m; < dd;}. The
following set

{(m;,m;) | 0 <m; <dd;,0 <m; < ddj, mp it = mjp”J”(mod dged(d;, dj))}

will be denoted by X},. Then the off-diagonal entries of C" are given as follows:

o J —eed(eg, ¢ga)plratrITmmtrab T S (my,my) € X
(6,m4),(4,m;) 0, otherwise.

/!
(i,mq),(4,m
m;p" (mod d), in which case it is equal to c’(ui) (j.i,) Tor (i, l;) € 5.

For each 0 < a < d, we denote by I'’/ the full subgraph of I’ formed by these vertices
{(&,m;) € M' | m;p" = a(mod d)}. It follows that I is a disjoint union of these

It follows that an off-diagonal entry c¢ ) # 0 implies that ¢ # j and m;p™ =
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subgraphs I"/’s. We observe that each I'// is isomorphic to I'V by sending (¢, m;) to (4,1;),
where [; is uniquely determined by the constraint

m;p" —a

y = ;p" (mod d;).

Here for the isomorphism, we use the fact that (m;,m;) lies in X}, if and only if (I;,1;)
lies in ¥;;. O

The following fact follows immediately from the above two lemmas and the fact that
any symmetrizer of a connected Cartan matrix is a multiple of the minimal symmetrizer.

Corollary 6.4. Keep the notation as above. Assume that C' is connected. Then the con-
nected components of the valued graph T' are isomorphic to each other. O

Recall that a connected Cartan matrix C' is a Dynkin graph (resp. an Euclidean graph,
a graph of indefinite type), provided that its quadratic form g¢ is positive definite (resp.
positive semi-definite, indefinite).

Proposition 6.5. Keep the notation as above. Assume further that C' and thus T' are
connected. Then T' is a Dynkin graph (resp. an Fuclidean graph, a graph of indefinite
type) if and only if TV is a disjoint union of Dynkin graphs (resp. Fuclidean graphs,
graphs of indefinite type), whose connected components are of the same type.

Proof. We first prove the statement on Dynkin graphs. The “if” part follows from
Lemma 6.1. For the “only if” part, we recall that the symmetrizer D is a multiple of the
minimal one. Then by Lemma 6.3 we may assume that the symmetrizer D is minimal.
If C is symmetric and then D is the identity matrix, then ¢/ = C. For non-symmetric
Cartan matrices of Dynkin type and minimal symmetrizers, the description of TV is given
in the third column of Table 1 below. We observe that IV is necessarily a Dynkin graph.

Using the proved statement on Dynkin graphs and Table 2, we infer the statement on
Euclidean graphs with the same argument. Then the remaining statement on indefinite
types follows immediately. O

Remark 6.6. (1) We observe that usually I' and the connected components of I' are of
different types; see Tables 1 and 2 below.

(2) Proposition 6.5 also hold for p = 0 along the same line of reasoning. In the above
notation, we have d; = c¢;, r; =0=r and d = c.

We mention that Tables 1 and 2 are essentially contained in [11, Section 14.1] with a
completely different terminology. For the lists of Dynkin graphs and Euclidean graphs,
we refer to [1, VIL3].

The following example unifies the actual computation in establishing Tables 1 and 2.
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Table 1
Non-simply-laced Dynkin graphs T
r Minimal T’ (T, o) in [11]
symmetrizer D
(1,2)
Bn: o8 «c+ o—8 (n23) diag(2,1,--- ,1) Ifp=2 B,
Ifp#2, Dpys [11, 14.1.6 (b)]
(2,1)
C, : ;_5 cee e—2 (n>2) diag(1,2,---,2) Ifp=2,0C,
Ifp#2 Agn_y [11, 14.1.6 (a)]
(1,2)
Fy - —s 32 diag(2,2,1,1) Ifp=2, Fy
If p # 2, Eg [11, 14.1.6 (d)]
(1,3)
G2 : s diag(3,1) Ifp=3, G2
If p #3, Dy [11, 14.1.6 (c)]

Example 6.7. Let C be a connected Cartan matrix such that its minimal symmetrizer D
equals diag(q®*,--- ,¢%), where ¢ is a prime number and a; > 0. We observe that

cij = —ged(cij, ¢i)q® T O00) i o .

Consider the construction of (C’, D’,Q'), where the characteristic of the field is p. It
follows that (C,D,Q) = (C’,D’,Q’) and I" =T provided that p = q.

We assume that p # q. Then C’ is symmetric and the symmetrizer D’ is the identity
matrix. In other words, the valued graph IV of C’ is a usual graph. Moreover, as we will
see in Subsection 6.2 below, the graph I'V has an admissible automorphism o, listed in the
rightmost column in the tables. We observe that, the graphs (I, o) with automorphisms,
listed in Tables 1 and 2, are due to [11, 14.1.5 (a)-(d) and 14.1.6 (a)-(i)].

6.2. Comparison with the correspondence in [11, Section 14.1]

In this subsection, we compare the construction in Subsection 4.2 to the well-known
correspondence in [11, Section 14.1], which is between Cartan matrices and graphs with
admissible automorphisms.

Denote by I' a finite graph without loops. An automorphism o: I' — I" is admissible,
provided that there is no edge joining two vertices in the same o-orbit. Since we will not
distinguish parallel edges, two automorphisms are identified if their actions on vertices
are the same. Similarly, we have the notion of admissible automorphisms for finite acyclic
quivers.

Let C' = (¢ij) € Mp(Z) be a Cartan matrix with D = diag(ci, - - - , ¢,) its symmetrizer.
We associate a graph I" with an admissible automorphism o as follows. The vertex set
of I is given by I'p = {(4,0;) | 1 < i < n,0 <I; < ¢}. There is an edge between (i,1;)
and (j,1;) if and only if ¢ # j, ¢;; # 0 and I; = [;(mod ged(c;, ¢;)), in which case there
are exactly ged(c;;, ¢ji) such edges. The automorphism o sends (¢,1;) to (¢,1; + 1), where
we identify (i,0) with (4, ¢;).
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Table 2 ~
Non-simply-laced Euclidean graphs I' (with A;2 omitted).
T Minimal T’ (T, o) in [11]
symmetrizer D
B e o RGN diag(2,1 1,2) If 2, B
n B e o o * lag N RN N p = N ~’V'L
rtoz2 3 n-lonontd Ifp#2 Dnya  [11,14.15 ()]
n>2
G el o ooy diag(1,2 2,1) Ifp=2,C
n : o o * lag N R 5 p = N Nn
rz 3 n-ln ol Ifp#2 Asn_1  [11, 14.1.5 (a)]
(n22)
- (1,4) .
A11 1 2 diag(4, 1) If P = 2, éll
If p#2, Dy [11, 14.1.5 (e)]
BC RN o2 diag(4, 2 2,1) Ifp=2, BC
s o lag(4,2, -2, p=2, BCy
Loz n-lonnfl Ifp#2 Dapga  [11, 14.1.5 (e)]
(n2>2)
n+1 —
- (1,2) diag(2,1,---,1) Ifp=2,BD,
BD,:$—8—% *** - Ifp# 2 Dpys [11, 14.1.5 (b)]
n
(n>3) L
n _
_ (2,1) diag(1,2,--- ,2) Ifp=2CD,
CD,:g—3—3 *° - If p # 2, Day, [11, 14.1.5 (d)]
n
(n>3)
- (1,2) ~
Fu 2 diag(2,2,2,1,1) Ifp=2, Fiy
Ifp#2, Er [11, 14.1.5 (i)]
- (2,1) ~
Fyo diag(1,1,1,2,2) If p=2, Fyo
1 2 4 ~
3 5 If p # 2, Bo [11,14.1.5 (g)]
~ (1,3) -
Ga1 ;—5—5 diag(3,3,1) If p=3, C~¥21
If p #3, Eg [11, 14.1.5 (h)]
- (3,1) ~
Gao 3 diag(1, 1, 3) If p=3, 922
If p# 3, Da [11, 14.1.5 ()]

The following well-known correspondence between Cartan matrices and graphs with
admissible automorphisms is due to [11, Section 14.1]. We use slightly different termi-
nologies.

Proposition 6.8. The above assignment yields an injective map between the corresponding
sets of isomorphism classes

C a Cartan matriz, I' a finite graph, o an admissible
(C,D) — 4 (T, 0)
D its symmetrizer automorphism of T’

Here, we say that (C,D) and (C1, D) are isomorphic provided that there is an iso-
morphism between the corresponding associated valued graphs of C' and Ci, which is
compatible with D and Dy.
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The above map is in general not surjective; compare [6, the second paragraph of
Introduction].

Proof. The partial inverse map is given as follows. We assume that there are exactly
n o-orbits in I'y. We will index the rows and columns of the matrices by the orbit set
I'o/o. For a g-orbit [i], we set cf; to be its cardinality. This defines the diagonal matrix
D. For [i] # [j], we define cf;),[;) = —%, where N is the total number of edges between
i’ and j" with all possible i’ € [i] and j' € [j]. This defines the Cartan matrix C. O

We now add the orientations into consideration. Then we have the following immediate
consequence.

Corollary 6.9. There is an injective map between the corresponding sets of isomorphism
classes

{(C,D,Q) | a Cartan triple} — {(A,a)

o an admissible automorphism of A

A a finite acyclic quiver, }

Let (C, D, Q) be a Cartan triple and C = C(C, D, Q) be its free EI category. Let k be
a field with characteristic p. Then the category algebra kC is hereditary if and only if p
is zero or coprime to each entry of Dj; see [8, Theorem 1.2].

We have the following immediate consequence of Theorem 4.3. Roughly speaking,
the algebra isomorphism in the hereditary case yields an algebraic enrichment of the
correspondence in Corollary 6.9. For a different enrichment, we refer to the isomorphism
in [6, Lemma 21], which is over finite fields.

Proposition 6.10. Let C = C(C, D, Q) be as above, and let p, the characteristic of k, be
zero or coprime to each entry of D. Assume that k has enough roots of unity. Then there
is an isomorphism of algebras

kC = kA,
where A is the acyclic quiver corresponding to (C, D, ) in Corollary 6.9.

Proof. Recall the construction of (C’, D’,€') in Subsection 4.2. It follows that D’ is
the identity matrix and C” is symmetric. In particular, the algebra H(C’, D', ) is
isomorphic to the path algebra kA for some acyclic quiver A; compare Remark 3.2.
Indeed, the quiver A is exactly the one in Corollary 6.9, which corresponds to (C, D, Q).
Then we are done by Theorem 4.3. O

Remark 6.11. It is not clear how the admissible automorphism o of A interacts with the
above algebra isomorphism. In particular, it would be nice to link this isomorphism to
the representation theory of quivers with automorphisms; see [6].
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