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1. Introduction

Let R be a ring with a unit. Recall that R is Gorenstein if R is two-sided noetherian satisfying idg R < oo
and idRr < oo. Here, we use id to denote the injective dimension of a module. It is well known that for
a Gorenstein ring R we have idgR = idRg; see [15, Lemma A]. Let m > 0. A Gorenstein ring R is
m-Gorenstein if idgR = idRr < m. We observe that a 0-Gorenstein ring coincides with a quasi-Frobenius

ring.
Ry My -+ My,
Ry -+ Mo, . o
Let n > 2. Let I' = ) . be an upper triangular matrix ring of order n, where each R;
R,

is a ring and each M;; is an R;—R;-bimodule together with bimodule morphisms ;;; : My ®g, My; — M;;
satisfying

Yije (Virg (ma @ myj) @ mye) = i (ma @ e (my; @ myy))

for1<i<i<j<t<n.
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Rl M12 Mlt

Ry -+ Moy,
For 1 <t <n—1, we denote by I'y = ) . the ring given by the t x ¢ leading principal
Ry
My 41
submatrix of I'. Denote the natural left I';-module by M.
My 141

We will prove the following results, where the first statement is obtained by applying [3, Theorem 3.3]
and [14, Lemma 2.6] repeatedly. We mention that the Gorensteinness of an upper triangular matrix ring is
studied in [14] and [5].

Proposition 1.1. Assume that Ry, Ra,---, R, are quasi-Frobenius rings. Then

(1) The upper triangular matriz ring I' is Gorenstein if and only if all the bimodules M;; are finitely
generated projective on both sides.

(2) The upper triangular matriz ring T' is 1-Gorenstein if and only if all the bimodules M;; are finitely
generated projective on both sides, and each left I's-module M is projective for 1 <t <mn —1.

For the proof, (1) is a special case of Proposition 3.4. Thanks to (1), the “only if” part of (2) is a special
case of Proposition 3.8(1), and the “if” part is a special case of Proposition 3.8(2). Here, we use the fact
that a module over a quasi-Frobenius ring is projective provided that it has finite projective dimension.

Let k£ be a field and let % be a finite EI category. Here, the EI condition means that any endomorphism
in % is an isomorphism. For an object x, we denote by Aute(z) and kAute (x) the group of endomorphisms
of z and the group algebra, respectively. We observe that for any two objects x and y in ¢, kHome (x, y) is
a kAuty (y)—kAute (x)-bimodule. We say that a finite EI category € is projective over k if each bimodule
kHome (x,y) is projective on both sides.

We denote by k% the category algebra of ¥. We mention that category algebras play an important
role in the representation theory of finite groups; see [10,11]. The following result is an application of
Proposition 1.1(1), where we use the fact that the category algebra is isomorphic to a certain upper triangular
matrix algebra.

Proposition 1.2. Let k be a field and € be a finite EI category. Then the category algebra k€ is Gorenstein
if and only if € is projective over k.

The concept of a finite free EI category is introduced in [8]. It is due to [8, Theorem 5.3] that the category
algebra k% is hereditary if and only if ¥ is a finite free EI category satisfying that the endomorphism groups
of all objects have orders invertible in k. The following result is a Gorenstein analogue to [8, Theorem 5.3].

Theorem 1.3. Let k be a field and € be a finite EI category. Then the category algebra k% is 1-Gorenstein
if and only if € is a free EI category and projective over k.

Indeed, we may deduce [8, Theorem 5.3] from Theorem 1.3, using the well-known fact that a finite dimen-
sional algebra is hereditary if and only if it is 1-Gorenstein with finite global dimension; see Example 5.5.

This paper is organized as follows. In Section 2, we give an explicit description of projective modules and
injective modules over an upper triangular matrix ring. In Section 3, we give conditions on when a triangular
matrix ring is Gorenstein of a given selfinjective dimension, and prove Proposition 1.1. In Section 4, we give
a new characterization of finite free EI categories in terms of the corresponding triangular matrix algebras;
see Proposition 4.5. In Section 5, we prove Proposition 1.2 and Theorem 1.3.
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2. Modules over triangular matrix rings

In this section, we describe explicitly projective modules and injective modules over an upper triangular
matrix ring.

Let Ry and Ry be two rings, M2 an R;—Rs-bimodule. We consider the corresponding upper triangular
Ry Mo
0 R2 '

Recall the description of left I'-modules via column vectors. Let X; be a left R;-module, i = 1,2, and
let w12 : M12 ®p, X9 — X3 be a morphism of left Ri-modules. We define the left I'-module structure on

X = (? ) by the following identity

2
1 Mi2 T\ _ [ T + p12(mi2 ® x2)
0 T9 i) ToX2 ’

X
We mention that the left [-module structure on X = Xl depends on the morphism ;5. Indeed, every
2

matrix ring I' =

X X]

left T-module arises in this way; compare [1, II1.2, Proposition 2.1]. A morphism <X1> — (X}> of
2 2

fi

I'-modules is denoted by ( f
2

), where f; : X; — X/ is an R;-morphism satisfying

frowia = ¢y 0 (Id, ® fa). (2.1)

Dually, we have the description of right I'-modules via row vectors.

Let M be a left module over a ring R. We denote by pdz M and idgM the projective dimension and the
injective dimension of M, respectively.

The following lemma is well-known; compare [1, ITI, Propositions 2.3 and 2.5] and [14, Lemma 1.2].

Ry Mo
0 Re
as above. Then the following statements hold.

Lemma 2.1. LetT' =

X
be an upper triangular matrix ring, and let X = <X1 > be a left T'-module
2

(1) pdp, X1 = pdr <X1> and idg, Xo = idp ( 0 )
0 X

(2) pdp, Xy < pdp X ona idp, X1 < idr X
2 X2 X2

M
LetI' = R;)l R12 be as above. For each left Ri;-module X7, we associate two left T-modules i1 (X;) =
2
X1 and ji1(X1) = X1 where the T-module structure on j;(X;) is determined b
0 J1lA1) = Homp, (Mi2, X1) ) J1{A1 Y
the evaluation map Mis ®pg, Hompg, (M2, X1) — X;. For each left Ro-module Xo, we associate two left
M X
I-modules i(X3) = 12 ?}m 2] and jo(X,) = (}? ), where the T-module structure on iy(X3) is
2 2

determined by the identity map on Mz ®g, Xs.
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The following result seems to be well known; compare [1, III, Proposition 2.5]. For completeness, we
include a proof.

Ry My

Lemma 2.2. LetI" =
0 Ry

> be an upper triangular matriz ring. Then we have the following statements.

(1) A left T-module is projective if and only if it is isomorphic to i1(Py) ® i2(P2) for some projective left
Ri-module Py and projective left Ro-module Ps.

(2) A left T-module is injective if and only if it is isomorphic to j1(I1) ® ja(I2) for some injective left
Ri-module I, and injective left Ro-module I5.

0 Rz P2
is a projective left T'-module. We observe that i;(Py) & i5(P2) isomorphic to T’ ®p: P’. Tt follows that the
left T-module i1 (Py) @ i2(Ps) is projective.

Proof. We only prove (1). For the “if” part, we consider the subring IV = ( By 0 ) of I'. Then P’ = <P1 >

X
For the “only if” part, let X = Xl be a projective left T-module. Then by Lemma 2.1(2) X5 is
2

a projective left Ro-module, and by the above i2(X53) is a projective left I'-module. Consider the nature

1

projections is(X2) —» ()g ) and X 5 (}? ) Since i2(X3) and X are projective left I-modules, we
2 2

have two morphisms is(X5) 2% X and X 2 i2(X2) satisfying m; = 79 o @ and my = 71 o 3. Therefore,
7o fBoa=m. By (2.1), we observe that o a = Id;,(x,). It follows that « is a split monomorphism. In

/

X
particular, X is isomorphic to iz(X3) @ Cokera. We observe that Cokera is of the form ( 01 = i1(X7)

for some left Rj-module X. Since Cokera is a projective left I-module, we have that X7 is a projective left
R;-module by Lemma 2.1(1). Then we are done. 0O

We now extend the above results to an upper triangular matrix ring of an arbitrary order.
Let n > 2. Let R; be a ring for 1 < ¢ < n, and let M;; be an R;—R;-bimodule for 1 <7 < j < n. Let
Yy + My ®r, Mi; — M;; be morphisms of R;—R;-bimodules satisfying

Yijt (Vi (mar @ myj) @ mie) = i (Mg ® Yyje(my; @ myy))

forl1<i<l<j<t<n.
Ry My -+ My,

Ry -+ My
Then we have the corresponding n X n upper triangular matrix ring I' = ) . " 1. The

R,
elements of T', denoted by (m;;), are n x n upper triangular matrices, where m;; € M;; for i < j and
my; € R;. The multiplication is induced by those morphisms ;. We write ¢;;;(m;; @ my;) as mymy;.

We describe left I-modules via column vectors. Let X; be a left R;-module for 1 < 7 < n, and ¢j; :
M;; ®r, X; — X; be a morphism of left R;-modules satisfying

wij o (Idar,; ® wji) = i o (Yiji ® Idx,)

forl<i<j<l<n.
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X1
Set X = | . Denote the elements of X by (), where z3, € X}, for 1 < k < n. We write ¢;;(m;; ®x;)

Xn
as m;;x;. Then we define the left I'-module structure on X by the following identity

(miz)(wr) = (Z mix).
I=i

We recall that m;;’s are defined only for ¢ < j, therefore, the range of the summation on the right side is
from i to n. Indeed, every left I'-module arises in this way.

Dually, we have the description of right I'-modules via row vectors.

Let I' be an upper triangular matrix ring of order n as above. We consider the subring '’ =
diag(Ry,---, R,) of T' consisting of diagonal matrices. Observe that T'” is isomorphic to the direct prod-
uct ring []1, R;. We view an R;-module as a I'P-module via the projection I'” — R;. We denote the i-th
column of I" by C; which is a '-R;-bimodule, and denote the i-th row of I by H; which is an R;—I'-bimodule.

Let 1 <t < n, and let A be a left R;-module. We consider the I-module i;(A) = C; ® g, A. Observe an
isomorphism

T @ro A 5 iy(A) (2.2)

M ®@r, A
of I'-modules sending (m;;) ® a to (m;;) ® a. We describe i;(A) as | R; ®g, A |, where the corresponding

0
morphisms are pj; = ¥, ®Ida for l < t, ;i : Mj;®r, (Rt ®g, A) = M;;®g, A is the canonical isomorphism,
and ¢j;; =0 for [ > ¢.
We consider the I'-module j;(A) = Hompg, (H;, A). Observe an isomorphism

Hompo (T, A) — ji(A) (2.3)

of I'-modules sending f to its restriction on H;. We describe j;(A) as Hompg, (R:, A) |, where the

HomRt (Mtna A)
corresponding morphisms ¢j; : Mj; ® g, Hompg, (M, A) — Hompg, (My;, A) are given by ¢;i(m;; ® f)(my;) =
f(mgymyp) for j > t, @y : My ®pg, Hompg, (My, A) — Hompg, (R¢, A) is the evaluation map, and ¢j;; = 0 for
Jj<t.

The following results give an explicit description of projective modules and injective modules over an
upper triangular matrix ring.

Proposition 2.3. Let ' be an upper triangular matriz ring of order n. Then we have the following statements.

n

(1) A left T-module is projective if and only if it is isomorphic to @ i(P;) for some projective left
t=1
R;-module Py, 1 <t <n.
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(2) A left T-module is injective if and only if it is isomorphic to @ ji(I;) for some injective left Ry-module I,
t=1
1<t<n.

Proof. We only prove (1). The “if” part is obvious since i; preserves projective modules by the isomor-
phism (2.2).
For the “only if” part, we use induction on n. If n = 2, it is Lemma 2.2(1). Assume that n > 2. Write

Tpoq M} . . o .
r= ( 0 ! ]g_l ), where I',,_; is the (n — 1) x (n — 1) leading principal submatrix of I" and M}_; =

Mln
X/

: is a I',_1—R,-bimodule. Assume that X is a projective left I'-module. Write X = (X >,

Mn—ln
X1
where X' = : is a left T',,_1-module. By Lemma 2.2(1), X ~ (X)) ® i,(P,), where X7 is a
anl

projective left I';,_1-module and P, is a projective left R,,-module. By induction, we have an isomorphism
n—1

X~ @ it(P;) of T'y,_1-modules, where P, is a projective left R;-module, 1 <t < n—1. We identify #{i:(F;)
t=1

with i;(P;). This completes the proof. O
3. Gorenstein triangular matrix rings

In this section, we study Gorenstein upper triangular matrix rings. We give conditions such that the
upper triangular matrix rings are Gorenstein with a prescribed selfinjective dimension.

Let R be a ring with a unit. Recall that R is Gorenstein if R is two-sided noetherian satisfying idg R < oo
and idRp < oo. It is well known that for a Gorenstein ring R, idgR = idRp; see [15, Lemma A]. Let m > 0.
A Gorenstein ring R is m-Gorenstein if idgR = idRr < m. Recall that for any m-Gorenstein ring R and
any left (or right) R-module X, idrX < oo if and only if idg X < m, if and only if pdz X < oo, if and only
if pdpX < m; see [7, Theorem 9.

The following result generalizes [14, Lemma 2.6] with a different proof.

Rl M12

L 3.1. Let I' =
emma e < 0 Ry

) be a Gorenstein upper triangular matriz ring. Then the following are

equivalent.

(1) id(R1)g, < 0.

(2) The ring Ry is Gorenstein.
(3) pdgr, M2 < .

(4) idR2R2 < 0.
(5)
(6)

5) The ring Rs is Gorenstein.
6 pd(M12)R2 < 0.

Proof. We observe that R; and Rs are two-sided noetherian rings, since they are isomorphic to certain
quotient rings of T'.

“(1) = (2)” We observe that idpr (fél < 00, since (f(%)l> is a projective left I-module and T" is

Gorenstein. Lemma 2.1(2) implies that idgr, Ry < oo. Hence R; is Gorenstein.
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M M
“(2) = (3)” We observe that idp ( 2 | < o0, since ( 12) is a projective left I-module and T is

R2 R2
Gorenstein. Lemma 2.1(2) implies that idg, M12 < co. Since R; is Gorenstein, we have pdg, M2 < occ.
M
“(3) = (4)” By Lemma 2.1(1), pdp 012 = pdg,Mi2 < oo. Since T' is Gorenstein, we have

M M
idp ( 012 ) < 00. Recall from the above that idp ( R12 ) < 00. The following exact sequence of I'-modules
2

M, Mo 0
o%<0>ﬁ<R2>%<R2>%o

implies idp 122 < 00. By Lemma 2.1(1) idg, R2 < oo. Then we are done.

We observe that the opposite ring I'°? of I' is identified with the upper triangular matrix ring
Rgp M12
0 R
is similar to “(3) = (4)”. O

. Then “(4) = (5)” is similar to “(1) = (2)”; “(5) = (6)” is similar to “(2) = (3)”; “(6) = (1)”

Ry Mo
0 Ry
Ry, and Ry are Gorenstein. Then T' is Gorenstein if and only if Mys is finitely generated and has finite

Lemma 3.2. (See [3, Theorem 3.3].) Let T' = be an upper triangular matriz ring. Assume that

projective dimension on both sides.

Ry My --- My,

Ry -+ Mo,
Let n >2,and let I' = ) . be an upper triangular matrix ring of order n.
R,
Ry Mg -+ Myt
) Ry -+ My . .
Notation 3.3. Set M;. = (Mlg, = o7M1n). We denote by I'y = ) . the ring given by
Ry

!/
n

the ¢ x t leading principal submatrix of I' for 1 < ¢ < n — 1. We denote by I'j,_; the ring given by the

(n — 1) x (n — 1) principal submatrix of I" which leaves out the first row and the first column. Denote the
My 41

natural left I';-module : by M.
My 41

The following result extends Lemma 3.2.

Proposition 3.4. Let T be an upper triangular matriz ring of order n as above. Assume that all R; are
Gorenstein. Then I' is Gorenstein if and only if all bimodules M;; are finitely generated and have finite
projective dimension on both sides.

Proof of the “only if” part. Assume that I' is Gorenstein. We use induction on n. The case n = 2 is due

Ipo1 M} M.
to Lemma 3.2. Assume that n > 2. Write I' = 1 M) (R , Y ]. Then I',,_; and I, _, are
0 R, 0 I',_;
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Gorenstein by Lemma 3.1, and M_; and M. are finitely generated and have finite projective dimension
on both sides by Lemma 3.2. By induction, all M;; possibly except for My, are finitely generated and have
finite projective dimension on both sides. Since M, is a direct summand of M;_; as a right R,,-module, it
is finitely generated as a right R,,-module, and pd(Mi,)g, < co. Since M, is a direct summand of Mj. as
a left Ri-module, it is finitely generated as a left Ri-module, and pdg, M1, < occ. O

We prove the “if” part of Proposition 3.4 together with the following lemma.

Lemma 3.5. Let I' be an upper triangular matriz ring of order n. Assume that all bimodules M;; are finitely
generated and have finite projective dimension on both sides.

Xq
(1) Let X = be a left I'-module. If each X; is finitely generated as a left R;-module satisfying

Xn
pdr, X; < 00, then X is finitely generated as a left I'-module satisfying pdprX < oo.
(2) LetY = (Y17 Yy ) be a right T'-module. If each Y; is finitely generated as a right R;-module satisfying

pd(Y;)r, < oo, then Y is finitely generated as a right T'-module satisfying pdYr < oo.

Proof of the “if” part of Proposition 3.4 and Lemma 3.5. We use induction on n.

If n = 2, Lemma 3.2 implies that I" is Gorenstein. Let X = <§1> be a left I'-module. The following
2

exact sequence of I'-modules

X 0
implies that X is finitely generated, since ( 01 > and < X, ) are finitely generated. We have idg, Xs < o0,

0

since Ry is Gorenstein and pdxp,X» < oo. By Lemma 2.1(1), idp (X
2

) = idr,X2 < o0, hence

pdp (; > < 00. By Lemma 2.1(1), pdp )gl> = pdp, X1 < oo. Then by the above exact sequence,
2

we have pdpX < oo. The proof of Lemma 3.5(2) is similar.

Assume that n > 2. Write I = Ty Myy = R J\,/[L . Let X be a left [-module and Y be
0 Rn 0 I‘n—l
X1
X/
a right I'-module. Write X = ( > and Y = (Y1,Y’), where X’ = and Y/ = (Yg, . ,er)_
n
Xn—l

By induction, I',,_; and I'),_; are Gorenstein, X' is finitely generated as a left T',,_j-module satisfying

pdr‘nfl ,

X' < oo, and Y is finitely generated as a right I, _,
consider the left T',,_;-module M*_;. By induction in Lemma 3.5(1), M}_; is finitely generated as a left

-module satisfying pd(Y')r, =~ < oo. We

I',_1-module satisfying pdp, M,

n

_1 < 0o. We observe that M_, is finitely generated as a right R,,-module
satisfying pd (M

n—1

)R, < oo. By Lemma 3.2, T is Gorenstein. This proves the “if” part of Proposition 3.4
in the general case.
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X/

Xn
satisfying pdp, | X' < oo, and X, is finitely generated as a left R,-module satisfying pdg, X, < co. Then

For Lemma 3.5(1), write X = , where by induction X’ is finitely generated as a left I, _1-module

X is finitely generated as a left T-module satisfying pdp X < co. The proof of Lemma 3.5(2) in this general
case is similar. O

We give a characterization of left T'-modules with finite projective dimension; compare [5, Proposi-
tion 2.8(1)].

Corollary 3.6. Let I' be a Gorenstein upper triangular matriz ring of order n with each R; Gorenstein. Let

Xy

X = be a finitely generated left I'-module. Then pdp X < oo if and only if pdg, X; < oo for each
Xn

1< <n.

Proof. The “if” part is due to Lemma 3.5(1). For the “only if” part, we only prove the case n = 2. The general
X
case is proved by induction. Let X = Xl be a left I'-module. By Lemma 2.1(2), pdg, X2 < pdpX < oo
2
and idg, X1 <idrX < co. Then pdg, X1 < oo since R; is Gorenstein. O

The following results estimate the selfinjective dimension of an upper triangular matrix ring; compare [3,
Remark 3.5].

Ry My

P ition 3.7. Let I" =
roposition e ( 0 R,

> be an upper triangular matrixz ring with Ry and Ry Gorenstein. Let

m7d1;d2 Z 0.

(1) IfT is m-Gorenstein, then both Ry and Ry are m-Gorenstein. Moreover, pdr, M1z <m —1ifm=>1.
(2) Assume that R; is d;-Gorenstein for i = 1,2. If My is finitely generated and projective on both sides,
then T is d-Gorenstein, where d = max{dy,ds} if d1 # da, and d =dy + 1 if dy = ds.

Proof. (1) We have idp (%1> < m, since I' is m-Gorenstein and (1?)1> is a projective I'-module.

By Lemma 2.1(2), idg, Ry < idr }31 < m. Then R; is m-Gorenstein. Recall that, by Lemma 3.1,

0

M, M, 0
0—>< 0 >—><R2>—><R2>—>0

implies pdp ( 122 ) < 00, since (Aélj > is a projective I'-module. Then we have idp (22

M
pdg, M1z < oo. By Lemma 2.1(1), pdp < 12) = pdg, M12 < oo. Then the following exact sequence of

T'-modules

) < m since I' is

0
m-Gorenstein. By Lemma 2.1(1), idg, Ry = idr R < m. Then R, is m-Gorenstein. Moreover, by the
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0 0
Lemma 2.1(1), pdg, M1z <m —1 for m > 1.
(2) By Lemma 3.2, I' is Gorenstein. By the following exact sequence of left I'-modules

Ry . Ry 0
0 = ji(R) = - — 0
( 0 > () (Hole(Mlz,Rl)> (Hole(M12’R1)>

. Ry Ly . 0
< 1,.
idp ( 0 > < max {1drj1(R1),1dp (Hole (M127R1)> + }

Observe that for any left Ri-module X, idg,(Hompg, (Mi2, X)) < idg, X since g,(Mi2)gr, is projective
on both sides. Then we have idg, (Hompg, (M12, R1)) < idg, R1 < di. We have idg,(Hompg, (M2, R1)) <

0 .
) = idg,(Hompg, (M2, R1))

M M
above exact sequence, pdp 12) =0 or pdp ( 12) = pdp (12 ) —1<m—1 for m > 1. Hence by
2

we have

IA

ds, since Ry is do-Gorenstein. By Lemma 2.1(1), id

5, since Ry is dy-Gorenstein. By Lemma (1), idr Homp, (My, Ry)

min{dy,ds}. The exact functor j; preserves injective modules. Then we have idrj; (R1) < idr, Ry < dj.
R M

Hence idr 01 < max{d;,min{dy,ds} + 1} < d. We have idr < 012 < d, since My is a finitely

generated projective left Ri-module.

By Lemma 2.1(1), idp (}g ) = idr,R2 < d2 < d since Ry is da-Gorenstein. Then the following exact
2

M;s M, 0
0—>< 0 >—><R2>—><R2>—>O

implies idr (%12) < d. Hence idrI’ < d since I' = <R1> P <M12> as left I'-modules. Then T is

sequence of I'-modules

2 0 Ry
d-Gorenstein. 0O

The following results estimate the selfinjective dimension of an upper triangular matrix ring in general
case. Recall the I';-module M} from Notation 3.3.

Proposition 3.8. Let I' be an upper triangular matrix ring of order n with each R; Gorenstein. Let m > 0
and d; > 0 for each i.

(1) IfT is m-Gorenstein, then each R; is m-Gorenstein. Moreover, detMt* <m-1ifm>1for1<t<
n— 1.

(2) Assume that R; is d;-Gorenstein for 1 <i < n. If all bimodules M;; are finitely generated and projective
on both sides, and each M{ is a projective left I';-module for 1 <t < n —1, then I' is d-Gorenstein,
where d = max{dy,ds, - ,dp} + 1.

Proof. (1) We use induction on n. The case n = 2 is due to Proposition 3.7(1). Assume that n > 2. Write

I',_1 M
76 ! g_l . By Lemma 3.1, T',,_; is Gorenstein. Then by Proposition 3.7(1), we infer that I',,_;
n

and R, are m-Gorenstein, and pdp _ My

I =

<m —1if m > 1. By induction, we are done.
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(2) We use induction on n. The case n = 2 is due to Proposition 3.7(2). Assume that n > 2. Write
Ppo1 M)_ . . . . .
r = ( 0 ! ]’% 1), By induction, T',,_; is d’-Gorenstein, where d’ = max{d;,ds,---,d,,_1} + 1. Since
M} _, is a projective left T',,_;1-module and a projective right R,-module, we have that I" is d”’-Gorenstein
by Proposition 3.7(2), where d’ = max{d',d,} if d # d,, and d” = d' + 1 if d = d,. In particular, we
observe that d’ < max{dy,ds,---,d,}+1=d. O

4. Free EI categories

In this section, we give a new characterization of finite free EI categories in terms of the corresponding
triangular matrix algebras.

Let k be a field. Let % be a finite category, that is, it has only finitely many morphisms, and consequently
it has only finitely many objects. Denote by Mor% the finite set of all morphisms in €. The category algebra

k€ of € is defined as follows: k¢ = @ ka as a k-vector space and the product * is given by the rule
acMor?

o % = aof, if @ and g can be composed in %;
o, otherwise.

The unit is given by 1z = > Id,, where Id, is the identity endomorphism of an object x in €.
z€O0bj¢
Let ¥ be a finite category. We recall that a module over k% is identified with a functor from % to the

category of finite dimensional k-vector spaces; see [11, Proposition 2.1]. If € and 2 are two equivalent finite
categories, then k% and k2 are Morita equivalent; see [11, Proposition 2.2]. In particular, k% is Morita
equivalent to k%), where %) is any skeleton of %. So we may assume that & is skeletal, that is, for any two
distinct objects = and y in ¥, x is not isomorphic to y.

The category % is called a finite EI category provided that all endomorphisms in % are isomorphisms.
In particular, Home (z, z) = Aute(x) is a finite group for any object x in €.

In what follows, we assume that ¥ is a finite EI category which is skeletal.

Let ¢ have n objects with n > 2. We assume that Obj¢ = {x1, z2,- - -, z,} satisfying Home (z;, z;) = 0
if i < j. Let M;; = kHome (x;, x;). Write R; = M;;. We observe that R; = (Id,, )k (Id,,) = kAutg(z;) is
a group algebra.

Then M;; is naturally an R;—R;-bimodule, and we have a morphism of R;~R;-bimodules v;; : My ®g,
M,;; — M;; which is induced by the composition of morphisms in %

Notation 4.1. The category algebra k% is isomorphic to the corresponding upper triangular matrix algebra
Ry Mg -+ My,

Ry -+ My,
I'e = ) . . Let I'y be the algebra given by the ¢ x t leading principal submatrix of I'¢.
Ry,
My 41
Denote the left I';-module by M/, for 1 <t<mn-—1.
M 141

Definition 4.2. Let € be a finite EI category with Obj% = {z1,z9, -+, 2, } satisfying Home (z;,2;) = 0 if
i < j. We say that € is projective over k if each M;; = kHome (x;, ;) is a projective left R;-module and a
projective right R;-module for 1 <i < j < n.
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Let G be a finite group. We assume that G has a left action on a finite set X. For any x € X, denote its
stabilizer by Stab(x) = {g € G | g.x = x}. The vector space kX is a natural kG-module.

The following result is well known, which can be deduced from [6, I1.5 Theorem 6]. We give an elementary
argument for completeness; compare the third paragraph of the proof of [10, Theorem 2.5].

Lemma 4.3. The kG-module kX is projective if and only if the order of each stabilizer Stab(x) is invertible
ink.

Proof. We may assume that the action on X is transitive. Take z € X, we have X ~ G/Stab(z). Then we
have an isomorphism kX ~ k(G/Stab(z)) of kG-modules. We observe the following Maschke-type result:
for any subgroup H of G, the canonical projection kG — k(G/H) of kG-modules splits if and only if the
order of H is invertible in k. Then the lemma follows immediately. O

Let % be a finite EI category and o € Home (z,y). We call L, = {g € Aut¢(y) | g o o = a} the left
stabilizer of «, and R, = {h € Auty(x) | @« o h = a} the right stabilizer of a. Then we have the following
immediate consequence of Lemma 4.3.

Corollary 4.4. Let © be a finite EI category. Then € is projective if and only if for any o € Mor%, the
orders of L, and R, are invertible in k. O

Let % be a finite EI category. Recall from [8, Definition 2.3] that a morphism z = y in € is unfactorizable
if o is not an isomorphism and whenever it has a factorization as a composite x ﬁ) z 5 1y, then either 8 or
7 is an isomorphism. Let 2 % y in % be an unfactorizable morphism. Then h o a o g is also unfactorizable
for every h € Aute(y) and every g € Aute(z); see [8, Proposition 2.5]. Let # % y in € be a morphism
with z # y. Then it has a decomposition = = zo = 21 3 .-+ %8 2, = y with all o; unfactorizable; see 8,
Proposition 2.6].

Following [8, Definition 2.7], we say that a finite EI category & satisfies the Unique Factorization Property
(UFP), if whenever a non-isomorphism « has two decompositions into unfactorizable morphisms:

mzxogxlg---oﬂmm:y

and

B By B
T=Yo YL S Sy =1,

then m = n, x; = y;, and there are h; € Auty(x;), 1 <i < n—1such that 1 = hyoay, B2 = hgoagohi!,
o P11 =hp_10ap_10 h;lz, Bn = ay o h;il.
Let € be a finite EI category. Following [9, Section 6], we say that % is a finite free EI category if it
satisfies the UFP. This is an equivalent characterization of finite free EI categories in [8, Proposition 2.8].
Let I' = I'¢ be the corresponding upper triangular matrix algebra of 4. We recall the I';-module M}
from Notation 4.1 for each 1 < ¢ < n — 1. We have the following characterization of finite free EI categories.

Proposition 4.5. Let € be a finite skeletal EI category with Obj€¢ = {xi,z2,---,x,} satisfying
Home (z;,2;) = 0 if ¢ < j. Assume that € is projective. Then € is a free EI category if and only if

each M} is a projective left I's-module for 1 <t <n —1.

Before giving the proof of the proposition, we make some preparations.
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Definition 4.6. Let & be a finite EI category and z € Obj%. We say that the EI category € is free from z if

whenever an arbitrary non-isomorphism z — y in % has two decompositions z =% z; =3 y and « ﬁ 22 % Y
with o7 and i unfactorizable, then z; = 25 and there is an endomorphism h € Aute(z1) such that
[1=hoay and B :agoh_l.

Lemma 4.7. Let ¥ be a finite EI category. Then € is a free EI category if and only if € is free from any
object.

Proof. The “only if” part is trivial. For the “if” part, assume that the EI category % is free from any
object. Let % y be a non-isomorphism in ¢. Assume that o has two decompositions into unfactorizable
morphisms:

and
B B n
Izy()#%#'“ﬁﬁyn:y

Since % is free from x, we have 21 = y;, and there is an endomorphism hy € Aute(z1) such that 1 = hjoay
and q, 0+ a9 = B, 0+ B2 0 hy. We continue this process. We obtain that m = n, x; = y;, and there are
h; € Aute(z;), 1 <i<m—1such that 81 = hjoay, fa =haoago hl_l7 oo, Bne1 = hyp—1 0 Qp_1 © h;ll_Q,
Bm = Q0 h:nl_l. Then ¥ is free. O

Let Wy € Home(z;,2;) and Tj; € Home(x;,2;) be subsets. Denote the subset Wy o Tj; = {f o g |
feWand g € Ti;} C Homy (x4, ;).

Notation 4.8. Set Hom% (z;, z;) = {a € Home (24, ;) | a is unfactorizable}. Denote M = kHom (z, ;).
Then Mioj is an R;—R;-subbimodule of M;;. Moreover,

j—1
M;; = Mioj & ( Z k(Home (7, 2;) o Hom, (x5, 2;)))
I=i+1

as an R;—R;-bimodule.

Lemma 4.9. Let € be a finite EI category with Obj¢ = {x1,29,---,xn} satisfying Home (z;, ;) = 0 if
i < j. Assume that € is free from xj. Then for any 1 <1i < j, we have

j—1
Home (x;,2;) = |_|(Hom<g(:cl,:z:i) o HomY (z;, 1)),

=1

where the right hand side is a disjoint union.
Proof. Recall that the category € is free from z;. Then we have
Hom (z1,, ;) 0 Hom&% (25, 71, ) N Home (24, ;) 0 Hom® (x5, 71,) = ¢

for Iy # l5. Since every morphism can be decomposed as a composition of unfactorizable morphisms, we
have the required equation. O

We observe that there is a surjective morphism
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i+ My ®r, Mloj — k(Hom (7, 2;) o Hom (25, 2;)) (4.1)

of R;—R;-bimodules sending 8 ® a to foa for i <1 < j.
We recall the I',_j-module 4;(A) for each 1 <t < n — 1 and each R;-module A; see (2.2). Then we have
the following natural surjective morphisms

n—1
O MY, & (D (M @k, Mj))) — M; (4.2)
l=i+1

of R,—R,-bimodules induced by &, for 1 <i <l <n—1, and

n—1
i (M) — M, (4.3)
t=1

of I'y,_1—R,-bimodules induced by ®; for 1 <i <mn — 1.

Lemma 4.10. Let € be a finite EI category with Obj€ = {x1,x2, -, z,} satisfying Home (z;,2;) = 0 if
1 < j. Assume that € is projective. Then the above surjective morphism ® is a projective cover of the left
I'y—1-module M.

Proof. Since the category € is projective, we have that My, is a projective left R;-module for each 1 <t <

n — 1. Then each MY, is a projective left R;-module, since it is a direct summand of My, ; see Notation 4.8.
n—1

By Proposition 2.3(1), @ i,(Mp,) is a projective left T',,_;-module.
t=1
n—1
To prove that ® is a projective cover, it suffices to show that top( @D i;(Mp,)) and top(M;_;) are

t=1
isomorphic. Here, we write topX = X/radX for a module X, where radX denotes the radical of X.
rad(Ry) Mo -+ Min

I‘ad(Rg) e Mg’n,1

n—1 n—1
Recall rad(T',—1) = . By rad( @ i,(MD))) = rad(T,,_1)( €D i, (M),
t=1 t=1

rad(Rn_l)
n—1

we compute that the i-th component of top( @ i (M}

tn

)) is isomorphic to MP, /rad(R;)M?,. By a similar

calculation, we have that the i-th component of top(M;_;

) is isomorphic to M? /rad(R;)M,. Then we
have the required isomorphism. 0O

Lemma 4.11. Let € be a finite EI category with Obj€ = {x1,x2, -, x,} satisfying Home (z;,2;) = 0 if
1 < j. Assume that € is projective. Then the following are equivalent.

(1) The category € is free from x,,.

(2) All the surjective morphisms ®; are isomorphisms.
(3) The surjective morphism ® is an isomorphism.

(4) The left T'y—1-module M} _ is projective.

Proof. “(1) = (2)” Since the category % is free from z,,, by Notation 4.8 and Lemma 4.9 we have

n—1

M, = M2, @ ( @ k(Home (7, 2;) o Hom% (2, 21))).
I=i+1



680 R. Wang / Journal of Pure and Applied Algebra 220 (2016) 666-682

Since ®; is induced by &;;,, we only need to prove that &, is an isomorphism for each ¢ < [ < n. Indeed,
since € is free from z,, we have 8’ oo/ = o a in Homeg (x;, x;) o Hom%(xn,xl) if and only if 3/ = Sog

1

and o/ = g~ o « for some g € Aute(z;). Then we have a well-defined morphism

Nin - k(Home (2, x;) o Hom%(zn,xl)) — M;; ®Rp, Mlon

of R,—R,,-bimodules sending 5o« to f® a. It is directly verify that &, and 7;, are mutually inverse. Then
we have the required isomorphisms.
“(2) = (1)” Since each ®; is an isomorphism for 1 <4 <n — 1, we have

Home (xy,, x;) 0 Hom%(wn, x1,) NHome (z,, ;) © Hom%(mn, x,)=¢

for i < l; # lo < n, which implies that € is free from x,,.
“(2) & (3)” It is obvious, since ® is induced by @4, -, P, _1.
“(3) & (4)” Apply Lemma 4.10. O

Proof of Proposition 4.5. Assume that ¢ is projective. For each 1 < t < n — 1, we consider the full
subcategory %; of € with Obj%; = {x1,---,z:}. We observe that %; is free from z; if and only if ¥ is
free from x;. Then by Lemma 4.11, we have that € is free from z, if and only if M;" is a projective left
I't-module. By Lemma 4.7, we are done. O

5. The main results

In this section, we give a necessary and sufficient condition on when the category algebra k% of a finite
EI category ¥ is Gorenstein, and when k% is 1-Gorenstein.

Throughout this section, when the category % is skeletal, we assume that Obj%¢ = {x1,x2, -+, 2n}
satisfying Home (2, 2;) = 0 if ¢ < j.

Proposition 5.1. Let k be a field and € be a finite EI category. Then the category algebra k€ is Gorenstein
if and only if € is projective over k.

Proof. Without loss of generality, we assume that % is skeletal. Otherwise, we take its skeleton %j, which
is equivalent to . We observe that % is projective if and only if %) is projective and that k% is Gorenstein
if and only if k%, is Gorenstein.

Let T' = I'¢ be the corresponding upper triangular matrix algebra of €. Observe that R; = kAute(x;)
is a group algebra of a finite group. In particular, it is a selfinjective algebra. Then each R;,~R;-bimodule
M;; has finite projective dimension on both sides if and only if it is projective on both sides. Consequently,
the statement is immediately due to Proposition 3.4. O

Example 5.2. Let G be a finite group and P a finite poset. We assume that P is a G-poset, that is, G acts
on P by poset automorphisms. We recall that the transporter category G o< P is defined as follows. It has
the same objects as P, that is, Obj(G « P) = ObjP. For z,y € Obj(G x P), a morphism from z to y is an
element g in G satisfying gz < y. The corresponding morphism is denoted by (g; gz < y). The composition
of morphisms is given by the multiplication in G.

We observe that G « P is a finite EI category. Here, we use the fact that gr < z implies gz = x.
Omne can check directly that if Homgop(z,y) # ¢, then both Autgep(z) and Autgep(y) act freely on
Homgp(x,y), in particular, both the left and right stabilizers L, and R, of a morphism « are trivial;
compare [12, Definition 2.1]. By Corollary 4.4, G o P is projective over k. Then the category algebra
k(G x P) is Gorenstein by Proposition 5.1; compare [13, Lemma 2.3.2].
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Theorem 5.3. Let k be a field and € be a finite EI category. Then the category algebra k% is 1-Gorenstein
if and only if € is a free EI category and projective over k.

Proof. We assume that % is skeletal. The reason is similar to the first paragraph in the proof of Theorem 5.1.

Let I' = I'y be the corresponding upper triangular matrix algebra of 4. As mentioned above, each
R; = kAute(x;) is a selfinjective algebra. In particular, a module over R; having finite projective dimension
is necessarily projective.

For the “if” part, assume that € is free and projective over k. Then all bimodules M;; = kHome (2, z;)
are finitely generated and projective on both sides. By Proposition 4.5, each M;* is a projective left I';-module
for 1 <t <mn—1. Then I' is 1-Gorenstein by Proposition 3.8(2).

For the “only if” part, assume that I' is 1-Gorenstein. Then Proposition 3.8(1) implies that each T'; is
1-Gorenstein and each M;" is a projective left I';-module for 1 < ¢ < n—1. By Corollary 3.6, pdg, M; 111 < 00
for 1 <i <t+1<n,and thus M;,;,1 is a projective left R;-module. By Lemma 3.1, pd(M{)g,,, < 00
for 1 <t < n—1, since M is a projective left I';-module. Since each M;; is a direct summand of M;‘_l
as Rj-modules, we have pd(M;;)r; < oo for 1 <i < j < n, and thus M;; is a projective right R;-module.
Then the category ¥ is projective. Since each M is a projective left I';-module for 1 < ¢ < n — 1, the
category % is a free EI category by Proposition 4.5. O

Example 5.4. Let P be a finite poset. For two elements x and y, we write x < y if z < y and x # y. By a
chain, we mean a totally ordered set. We observe that P is a free EI category if and only if for any « <y
in P, the closed interval [z,y] is a chain.

Let G be a finite group and P a finite G-poset. Consider the transporter category G o« P. Recall that a
morphism (g; gz < y) in G « P is an isomorphism if and only if gz = y. We observe that a non-isomorphism
(g; 92 < y) in G < P is unfactorizable if and only if there is no object z € ObjP such that gz < z < y.
We infer by the UFP that the transporter category G o P is free if and only if the category P is free.
By Example 5.2, we have that the transporter category G o« P is projective. Then by Theorem 5.3, the
category algebra k(G o« P) is 1-Gorenstein if and only if the poset P is free as a category. We mention that
this result can be obtained by combining [13, Lemma 2.3.2] and [2, Proposition 2.2].

Example 5.5. (See [8, Theorem 5.3].) Let € be a finite EI category. Then the category algebra k% is
hereditary if and only if ¥ is a free EI category satisfying that the endomorphism groups of all objects have
orders invertible in k.

We may assume that € is skeletal. Let I' = I'¢y be the corresponding upper triangular matrix algebra
of €. We first claim that I has finite global dimension if and only if each Aute(z;) has order invertible in k.
In this case, the category ¥ is projective over k by Corollary 4.4. Indeed, by [4, Corollary 4.21(4)], T has
finite global dimension if and only if each R; = kAut¢(z;) has finite global dimension, which is equivalent
to that each R; = kAute(z;) is semi-simple. Then we have the claim.

We recall the well-known fact that a finite dimensional algebra is hereditary if and only if it is 1-Gorenstein
with finite global dimension. Then the required result follows from the above claim and Theorem 5.3.
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